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By using the canonical and symplectic approaches an (nonstandard) alternative action describing
linearized gravity is studied. We identify the complete set of Dirac’s constraints, the counting of
physical degrees of freedom is performed and the Dirac brackets are constructed. Furthermore,
the symplectic analysis is developed which includes the complete set of Faddeev-Jackiw constraints
and a symplectic tensor; from that symplectic matrix we show that the generalized Faddeev-Jackiw
brackets and the Dirac ones coincide to each other. With all these results at hand, we prove that
the number of physical degrees of freedom are eight, thus, we conclude that the theory does not
describe the dynamics of linearized gravity. In addition, we also develop the symplectic analysis of
standard linearized gravity and we compare the results for both standard and nonstandard theories.
Finally we present some remarks and conclusions.
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I. INTRODUCTION
It is well-known that the study of singular theories, as for instance gauge theories, is a fundamen-
tal work to perform. In fact, a gauge theory within the Dirac terminology is characterized for the
presence of first class constraints which are the generators of gauge transformations [1]. Further-
more, a gauge symmetry is present in all fundamental interactions of nature, and the study of that
symmetry by using the tools developed by Dirac has allowed us to understand the behavior of the
fundamental interactions within either the classical or quantum context [2]. In this respect, gravity
can be understood as a gauge theory with the diffeomorphisms as its gauge symmetry; hence the
extended Hamiltonian of the theory is a linear combination of first class constraints and performing
the counting of physical degrees of freedom, we obtain two physical degrees of freedom [3, 4]. How-
ever, the study of gravity in either the classical or quantum context is a difficult task to develop
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2because the nonlinearly of the gravitational field is manifested in the constraints, so far the quan-
tization of the theory has not been performed in a full and satisfactory way [5–8]. In this respect,
in order to obtain new insights in classical or quantum analysis of gravity, it is common to study
Einstein’s modified theories with the goal to provide new ideas for understanding the symmetries
of the gravitational field, examples of such theories are the so-called linearized gravity and massive
gravity theories. In fact, these theories are good laboratories for testing classical and quantum ideas
of gravity, for instance, with the detection of gravitational waves made by LIGO\VIRGO laser inter-
ferometers [9], all our actual vision of the universe can change because that discovery could give us
a new insight to explore the warper side of the Universe, and it could be an important starting point
for testing new classical or quantum gravity proposals by means of new actions and its symmetries.
In this respect, it is well-known that linearized gravity is a gauge theory that describes the propa-
gation of a helicity-2 particle (massless graviton); from the Hamiltonian point of view, the theory
presents only a set of first class constraints (then it is possible fixing the gauge) and the number of
physical degrees of freedom is two in four dimensions. Nevertheless, within the quantum context,
it is well-known that the usual scheme of quantization applied to the theory lead to infinities that
cannot be eliminated by means of regularization and renormalization procedures [10]. Furthermore,
one of the alternatives to possibly explain unresolved problems in cosmology such as the problem
of acceleration of the Universe is performing a modification of linearized gravity. In this regard, the
most natural modification is promoting the helicity-two theory to one of a massive spin-two, this
theory is the so-called massive gravity [11]. In this manner, any alternative or modified theory of
gravity is an important achievement and it is mandatory to investigate the new proposal and their
symmetries in a full detail.
With these motivations, in this paper we study an alternative theory for linearized gravity that was
proposed in [12, 13]; the model consists in an action whose dynamical variables are not the per-
turbation of the metric but an electric and magnetic-like fields. Moreover, the analysis reported in
those works was performed ignoring that the action corresponds to a singular system, therefore the
principal symmetries of the theory were not reported. In order to analyze a singular theory, there
are two approaches to obtain in a systematic way the symmetries and observables of any physical
theory: Dirac’s formalism [12] and the Faddeev-Jackiw [FJ] method [15]. The former allows us to
know the complete set of constraints of the theory, namely, first class constraints and second class
ones. As a consequence, the physical degrees of freedom can be exactly counted and the relevant
symmetries can be obtained. In fact, first class constraints are the generators of gauge symmetry,
and the second class constraints are used for constructing the fundamental Dirac’s brackets, which
are useful for identifying observables. On the other hand, the FJ method provides a symplectic
description for singular systems, where the basic feature of this approach is the construction of a
symplectic tensor; from the symplectic tensor it is possible to obtain relevant physical information
such as, the degrees of freedom, the gauge symmetry and the quantization brackets (the so-called
generalized FJ brackets) can also be obtained. Moreover, in this framework is not necessary to
classify the constraints into first and second class ones; this fact makes the FJ method more eco-
3nomical than the Dirac scheme. Hence, in this paper by using the Dirac and FJ approaches the
action reported in [12, 13] is analyzed. We report in our analysis the complete set of constraints
and the Dirac brackets are constructed, also we report that the proposed theory is neither Lorentz
nor gauge invariant, thus, these results modify the number of degrees of freedom, which we obtain
eight physical degrees. In addition, by using the FJ method we report the complete set of FJ con-
straints, then the generalized FJ brackets are constructed and the counting of physical degrees of
freedom is performed; the generalized brackets and the Dirac ones coincide to each other. Finally,
we have added at the end of the paper the symplectic analysis of standard linearized gravity which
is absent in the literature. We compare the results of both standard and nonstandard theories and
we comment their differences.
The paper is organized as follows. In the Sec.I the Hamiltonian analysis is performed. We identify
the full set of constraints which are all of second class, there are not first class constraints, therefore
we conclude that the action under study is not a gauge theory. Moreover, by eliminating the second
class constraints we calculate the fundamental Dirac’s brackets and the counting of physical degrees
of freedom is carried out. In Sec.II the symplectic analysis is developed, we obtain the full set of FJ
constraints, then a symplectic tensor is constructed and the fundamental FJ brackets are identified.
In addition, in the Sec. III the symplectic analysis of standard linearized gravity is performed and
we compare the results of this section with those obtained previously. Finally, we present a summary
and conclusions.
II. HAMILTONIAN ANALYSIS
It is well-known that the cornerstone of linearized gravity is based in considering a perturbation
of the fundamental metric around the Minkowski spacetime, say
gαβ = ηαβ + hαβ , (1)
where the hαβ represents a small deviation of the fundamental metric and the background space-time
is Minkowskian with metric ηαβ = (−1, 1, 1, 1), here Greek indices run from 0 to 3. By introducing
the metric (1) into the Einstein-Hilbert action given by
S[gµν ] =
∫ √−gRdx4, (2)
where g is the metric and R the Ricci scalar, and just keeping free fields for hαβ, then the Lagrangian
for standard linearized gravity is obtained [10]
L =
1
4
∂λhµν∂
λhµν − 1
4
∂λh
µ
µ∂
λhνν +
1
2
∂λh
λ
µ∂
µhνν − 1
2
∂λh
λ
µ∂νh
νµ. (3)
The Lagrangian given in (3) has been studied in the literature (see [10] and cites there in). In fact,
the theory describes the propagation of a massless particle (the graviton) with two physical degrees
of freedom in four dimensions, and from the Hamiltonian point of view, the theory is a gauge theory;
there are only first class constraints, then in order to calculate the Dirac brackets the gauge is fixed
4and the constraints are now converted into second class constraints. In this respect, we will see along
this paper that these symmetries will not be present in the theory proposed in [12, 13].
Hence, a new Lagrangian for linearized gravity was proposed in [12, 13]. In fact, by considering the
tensor field
Kαβγδ =
1
2
[∂α∂γhβδ − ∂β∂γhαδ + ∂β∂δhαγ − ∂α∂δhβγ ] , (4)
which satisfies
Kαβγδ = −Kβαγδ = −Kαβδγ = Kγδαβ,
Kαβγδ + Kαδβγ +Kαγδβ = 0,
∂αKβγδǫ + ∂ǫKβγαδ + ∂δKβγǫα = 0, (5)
where the second and third relations can be identified with the Ricci and Bianchi identities respec-
tively. Moreover, it can be showed that the linearized Einstein vacuum field equations are given by
(see [12, 13, 16] for full details)
Kαβ = 0, (6)
and this implies that all the components Kαβγδ can be expressed in terms of the fields Eij and Bij
defined by
Eij ≡ K0i0j , Bij ≡ −K∗0i0j , (7)
whereK∗αβγδ =
1
2Kαβ
ρσǫρσγδ is the dual ofKαβγδ and the fields Eij , Bij have vanishing trace. Then,
in [12, 13] the following action for describing the linearized Einstein vacuum equations is proposed
S[E,B] =
∫ [
Bij
(
1
c
∂tEij − ǫkli∂kBlj
)
− Eij
(
1
c
∂tBij + ǫ
kl
i∂kElj
)]
dx4, (8)
where i, j, k = 1, 2, 3. The equations of motion obtained from the action (8) are given by
1
c
∂tEij = ǫi
kl∂kBlj ,
1
c
∂tBij = −ǫikl∂kElj , (9)
and the fields Eij and Bij satisfy the following constraints
∂iE
ij = 0, ∂iB
ij = 0, (10)
equations (9) and (10) are the equations of motion of linearized gravity given in non-covariant way.
As it was commented above, the alternative action (8) was studied in [12, 13, 16], however we shall
show that the action is a singular system and this fact was ignored in those works. It is important
to note that the action (8) reproduces only the equations (9); the equations (10) are obtained from
the equations (5) and they were added by hand in [12, 13, 16] in order to obtain a set of equations
similar to Maxwell’s theory, however, we will observe that these facts yield different symmetries of
those known for linearized gravity. In this manner, in order to perform a complete study of the
action (8) we will use the Dirac formulation for constrained systems. It is important to comment
5that the action (8) is neither Lorentz invariant nor gauge theory; these facts will be reflected in the
Hamiltonian analysis, in particular in the number of physical degrees of freedom of the theory.
We can observe that the matrix elements of the Hessian given by
∂2L
∂(∂tEij)∂(∂tEkl)
,
∂2L
∂(∂tEij)∂(∂tBkl)
,
∂2L
∂(∂tBij)∂(∂tBkl)
,
are identically zero, hence the system is singular and we expect primary constraints. In order to
identify the primary constraints, the canonical formalism calls for the definition of the momenta
(P ij ,Πij) canonically conjugate to (Eij , Bij) are given by
P ij =
δL
δE˙ij
, Πij =
δL
δB˙ij
.
In this manner, the fundamental Poisson brackets are
{Eij(x), P kl(y)} = 1
2
(
δki δ
l
j + δ
k
j δ
l
i
)
δ3(x− y),
{Bij(x),Πkl(y)} = 1
2
(
δki δ
l
j + δ
k
j δ
l
i
)
δ3(x − y). (11)
From the definition of the momenta, we identify the following 10 primary constraints
χij : P ij − 1
c
Bij ≈ 0, χ¯ij : Πij + 1
c
Eij ≈ 0, (12)
these primary constraints are of second class and their evolution in time will fix the Lagrange
multipliers; for this theory there are not more constraints. It is important to note that there are not
first class constraints and therefore the theory under study is not a gauge theory. In fact, this result
does not agree with the gauge invariance that is present in the standard Lagrangian of linearized
gravity.
On the other hand, because of there are second class constraints, we will construct the Dirac brackets
from the following matrix whose entries are given by the Poisson brackets between the second class
constraints
Cαβ =

 0 − 1c
(
ηikηjl + ηilηjk
)
1
c
(
ηikηjl + ηilηjk
)
0

 δ3(x − y),
its inverse is given by
C−1αβ =

 0 c4 (ηikηjl + ηilηjk)
− c4 (ηikηjl + ηilηjk) 0

 δ3(x− y).
Furthermore, the Dirac brackets between two functionals, say A,B are expressed by
{A(x), B(y)}D = {A(x), B(y)} −
∫
dudv{A(x), χα(u)}C−1αβ {χβ(v), B(y)}, where {A(x), B(y)} is the
usual Poisson bracket between the functionals (A,B) and (χα, χβ) represent the set of second class
constraints. Hence, we obtain the following Dirac’s brackets of the theory
6{Eij(x), P kl(y)}D = 1
4
(
δki δ
l
j + δ
k
j δ
l
i
)
δ3(x− y),
{Bij(x),Πkl(y)}D = 1
4
(
δki δ
l
j + δ
k
j δ
l
i
)
δ3(x− y).
With these results at hand, we are able to calculate the physical degrees of freedom as follows; there
are 20 canonical variables and 10 second class constraints, thus, there are five physical degrees of
freedom. Nonetheless, we need to take into the account the equations (10). Hence, the constraints
(12) satisfy the following reducibility conditions
∂iχ
ij = 0,
∂iχ¯
ij = 0, (13)
which imply that there are [10-6]=4 second class constraints, therefore, the physical degrees of
freedom are eight. It is important to remark that our results indicate that in spite of the action
(8) yields linearized Einstein’s equations of motion, it does not describe the dynamics of linearized
gravity at all. In fact, it is well-known that standard linearized gravity is both gauge invariant and
describes the propagation of a massless particle with two degrees of freedom. In this manner, we have
found strong differences between the action (8) and the standard theory for describing linearized
gravity.
We finish this section with some extra comments. The Hamiltonian of the theory is given by
H =
∫ [
cǫkliB
ij∂kPlj − cǫkliEij∂kΠlj
]
dx3. (14)
It is straightforward to prove that the Hamiltonian is of first class. In fact, we have
{H,χqr} = 1
2
cǫkqi∂kχ¯
ir +
1
2
cǫkri∂kχ¯
iq ≈ 0,
{H, χ¯qr} = 1
2
cǫkiq∂kχi
r +
1
2
cǫkir∂kχi
q ≈ 0. (15)
In this manner, the Hamiltonian found in [12, 13, 16] is not equivalent to that found in (14). In
these works was ignored that the theory under study is singular, thus, we can not talk neither first
class constraints nor second class constraints. However, we have showed that the Hamiltonian (14)
is of first class and therefore within Dirac’s terminology it is an observable. All results found in this
section extend and complete the work reported in [12, 13, 16].
III. SYMPLECTIC ANALYSIS.
Now we will reproduce the results obtained within the Dirac scheme by using the FJ analysis. We
start with the Lagrangian (8) rewritten as
L = 2
c
BijE˙ij − 2
c
EijB˙ij − 2ǫkliBij∂kBlj − 2ǫkliEij∂kElj , (16)
7note that we have included an additional factor of 2. This overall factor will not affect the Euler-
Lagrange equations of motion in any way. Hence, from the Lagrangian (16) we obtain the following
symplectic Lagrangian
(0)
L = 2P ijE˙ij + 2ΠijB˙ij −
(0)
V , (17)
where
(0)
V = 2cǫkliB
ij∂kPlj − 2cǫkliEij∂kΠlj is identified as the symplectic potential. Furthermore,
in the FJ framework, the Euler-Lagrange equations of motion are given by [17]
f
(0)
ab ξ˙
b =
∂V (0)(ξ)
∂ξa
, (18)
where the symplectic matrix f
(0)
ab takes the form
f
(0)
ab (x, y) =
δab(y)
δξa(x)
− δaa(x)
δξb(y)
, (19)
with ξ(0) =
(
Eij , P
ij , Bij ,Π
ij
)
and a(0) =
(
2P ij , 0, 2Πij , 0
)
representing a set of symplectic variables.
The matrix (19) is not singular and this implies that there are not FJ constraints. However, as it was
commented above we need to take into account the conditions (10), which implies that ∂iP
ij = 0,
∂iΠ
ij = 0 and they will be considered as constraints. Moreover, we can see that ∂j∂iP
ij = 0, and
∂j∂iΠ
ij = 0 which correspond to. All this information must be added to the symplectic Lagrangian
by using Lagrange multipliers, namely, γi and σi, thus we obtain
(1)
L = 2P ijE˙ij + 2ΠijB˙ij −
[
2∂iP
ij − ρj] γ˙j − [2∂iΠij − αj] σ˙j − (0)V . (20)
Because of the reducibility conditions, we have added the Lagrange multiplier of the Lagrange multi-
plier, ρi and αi, and with this fact under consideration, we can obtain a symplectic tensor [17]. From
(20) we can identify the following symplectic variables
(1)
ξ =
(
Eij , P
ij , Bij ,Π
ij , γj , σj , ρ
j , αj
)
and the
following 1-forms
(1)
a =
(
2P ij , 0, 2Πij, 0,− [2∂iP ij − ρj] ,− [2∂iΠij − αj] , 0, 0). In this manner, by
using the symplectic variables and the 1-forms, we obtain the following symplectic matrix
(1)
f ij =


0 −δijkl 0 0 0 0 0 0
δijkl 0 0 0 −
(
δil∂k + δ
i
k∂l
)
0 0 0
0 0 0 −δijkl 0 0 0 0
0 0 δijkl 0 0 −
(
δil∂k + δ
i
k∂l
)
0 0
0
(
δil∂k + δ
i
k∂l
)
0 0 0 0 −δij 0
0 0 0
(
δil∂k + δ
i
k∂l
)
0 0 0 −δij
0 0 0 0 δij 0 0 0
0 0 0 0 0 δij 0 0


δ3(x− y),
8where we can observe that is not a singular matrix, therefore it is a symplectic tensor. The inverse
of
(1)
f ij is given by
(1)
f
−1
ij =


0 14 (δ
i
kδ
j
l + δ
i
lδ
j
k) 0 0 0 0
− 14 (δikδjl + δjkδil) 0 0 0 0 0
0 0 0 14 (δ
i
kδ
j
l + δ
j
kδ
i
l ) 0 0
0 0 − 14 (δikδjl + δilδjk) 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 −δij 0
0 0 − 12 (δki ∂j + δkj ∂i) 0 0 −δij
0 0
0 0
0 12 (δ
k
i ∂j + δ
k
j ∂i)
0 0
δij 0
0 δij
0 0
0 0


δ3(x− y),
where we can identify the following generalized FJ brackets by means of
{ξ(1)i (x), ξ(1)j (y)}FJ ≡
(
f
(1)
ij
)−1
, (21)
hence, the following FJ brackets arise
{Eij , P kl}FJ = 1
4
(
δki δ
l
j + δ
k
j δ
l
i
)
δ3(x− y), (22)
{Bij ,Πkl}FJ = 1
4
(
δki δ
l
j + δ
k
j δ
l
i
)
δ3(x− y), (23)
and hence Dirac’s brackets and the FJ ones coincide to each other. Furthermore, we have commented
above that in the FJ framework there is not a classification between the constraints in first class and
second class; in the FJ scheme the counting of degrees of freedom is carry out as follows; there are
20 symplectic variables given by (Eij , P
ij , Bij ,Π
ij) and there are 6 constraints and 2 reducibility
conditions, hence, there are 4 independent constraints and at the end one obtains eight physical
degrees of freedom, such as it was obtained within the Dirac formalism.
9IV. SYMPLECTIC ANALYSIS OF STANDARD LINEARIZED GRAVITY
Now, we will develop the symplectic analysis of the action (3), and then we will compare the final
results with those obtained in previous sections. We perform first the 3+1 decomposition
L = h˙ij
[
1
4
h˙kl
(
ηkiηlj − ηijηkl)+ 1
2
(
∂jh0i + ∂ih0j
)− ηij∂kh0k
]
− 1
2
∂ih0j∂
ih0j − 1
4
∂ihjk∂
ihjk
+
1
2
∂ih
0
0∂
ihjj +
1
4
∂ih
j
j∂
ihkk −
1
2
∂ih
ij∂jh
0
0 −
1
2
∂ih
ij∂jh
k
k +
1
2
∂ihj0∂
jh0i +
1
2
∂ihjk∂
jhik. (24)
By introducing the momenta given by
Πmn =
1
2
h˙ij
(
ηmiηnj − ηijηmn)+ 1
2
(
∂nh0m + ∂mh0n
)− ηmn∂kh0k, (25)
the Lagrangian acquires the following symplectic form
L(0) = h˙ijΠij − V(0), (26)
where V(0) is the symplectic potential
V(0) = ΠijΠij − 1
2
ηklηijΠ
klΠij − 2∂jh0iΠij −
1
4
∂ihjk∂
ihjk − 1
2
∂ih
0
0∂
ihjj −
1
4
∂ih
j
j∂
ihkk
+
1
2
∂ih
ij∂jh
0
0 +
1
2
∂ih
ij∂jh
k
k −
1
2
∂ihjk∂
jhik. (27)
On the other hand, from the symplectic Lagrangian (24) it is possible to identify the following
symplectic variables and 1-forms respectively
ξ(0) =
(
h00, h0i, hij ,Π
ij
)
, (28)
a(0) =
(
0, 0,Πij , 0
)
, (29)
thus, the symplectic matrix (19) takes the form
f
(0)
ij (x, y) =


0 0 0 0
0 0 0 0
0 0 0 − 12
(
δliδ
m
j + δ
m
i δ
l
j
)
0 0 12
(
δilδ
j
m + δ
j
l δ
i
m
)
0


δ3(x− y), (30)
We observe that the symplectic matrix is singular and this means that there are constraints. It is
important to note the difference between the alternative action analyzed in previous sections and the
standard action. In fact, in the former the symplectic matrix was not singular, and the constraints
where added by hand. In the later, there are constraints, which will be different with respect to
the nonstandard theory. In order to identify the FJ constraints, we calculate the zero-modes of the
10
symplectic matrix. These modes are given by
v
(0)
1 =
(
vh00 , 0, 0, 0, 0, 0
)
,
v
(0)
2 =
(
0, vh0i , 0, 0, 0, 0
)
,
where vh00 , vh0i are arbitrary functions. Thus, the constraints will be obtained from the contraction
of the null vectors and the variation of the symplectic potential, this is, vi(0)
δV(0)(ξ(0))
δξ(0)i
= 0, [17]. In
this manner, the following FJ constraints arise
Ω
(0)
1 =
∫
d3x v
(0)l
1
δ
δξ(0)l
∫
d3y V (0)
(
ξ(0)
)
=
∫
d3x vh00
δ
δh00
∫
d3yV (0) ⇒
Ω
(0)
1 =
1
2
∫
d3x vh00
(
∇2hjj − ∂i∂jhij
)
= 0
Ω
(0)
1 =
1
2
(
∇2hjj − ∂i∂jhij
)
, (31)
Ω
(0)
2 =
∫
d3x v
(0)l
2
δ
δξ(0)l
∫
d3y V (0)
(
ξ(0)
)
=
∫
d3x vh0i
δ
δh0i
∫
d3yV (0) ⇒
Ω
(0)
2 =
∫
d3x vh0i∂jΠ
ij = 0,
Ω
(0)i
2 = ∂jΠ
ij . (32)
Furthermore, in order to determine if there are more constraints, we demand consistency conditions,
thus we construct the following system [17]
f¯ijξ
(0)j = Zi, (33)
where
f¯ij =


f
(0)
ij
δΩ01
δξ(0)j
δΩ02
δξ(0)j


,
with
Zi =


δV (0)
δξ(0)i
0
0


.
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In this manner, the matrix f¯ij takes the following form
f¯ij =


0 0 0 0
0 0 0 0
0 0 0 − 12
(
δliδ
m
j + δ
m
i δ
l
j
)
0 0 12
(
δilδ
j
m + δ
j
l δ
i
m
)
0
0 0 12
(∇2ηlm − ∂l∂m) 0
0 0 0 12
(
∂mδ
i
l + ∂lδ
i
m
)


δ3(x − y), (34)
and
Zi =


1
2
(
∇2hjj − ∂i∂jhij
)
∂jΠ
ij
1
2
[
ηij∇2h00 − ∂i∂jh00
]
+ 12
[
ηij∇2hkk + ∂i∂jhkk
]− 12 [∇2hij + ηij∂l∂khlk]
2Πlm − ηlmΠjj − ∂mh0l − ∂lh0m
0
0


We can observe that the matrix (34) is singular, therefore there are zero-modes. The zero-modes of
that matrix are given by
v¯1 =
(
0, 0, 0,− (∇2ηlm − ∂l∂m) ,(δilδjm + δjl δim
)
, 0
)
,
v¯2 =
(
0, 0,
(
∂mδ
i
l + ∂lδ
i
m
)
, 0, 0,
(
δliδ
m
j + δ
m
i δ
l
j
))
, (35)
thus, in order to determine if there are more FJ constraints, we calculate the contraction of the
null vectors (35) with Zi [17], and from that contraction we can observe that there are no more FJ
constraints because the result is a combination of constraints
v¯1
lzl = 2∂l∂mΠ
lm = 2∂lΩ
(0)l
2 = 0, (36)
v¯2
izi = ∂
i
(
∇2hjj − ∂i∂jhij
)
= 2∂iΩ
(0)
1 = 0. (37)
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Furthermore, we will add the information of the FJ constraints to the action via Lagrange multipliers,
namely α and β, thus we construct a new symplectic Lagrangian
L(1) = h˙ijΠij − V(0)
∣∣∣
Ω
(0)
1 ,Ω
(0)
2 =0
− Ω(0)1i α˙i − Ω(0)2i β˙i,
= h˙ijΠ
ij − 1
2
(
∇2hjj − ∂i∂jhij
)
α˙− ∂jΠij β˙i −ΠijΠij + 1
2
ηijηklΠ
ijΠkl−
1
4
∂ihjk∂
ihjk +
1
4
∂ihjj∂ih
k
k −
1
2
∂ih
ij∂jh
k
k +
1
2
∂ihjk∂
jhik. (38)
In this manner, from (38) we identify the following new set of symplectic variables
ξ(1) =
(
hij ,Π
ij , α, βi
)
, (39)
a(1) = (Πij , 0,−1
2
(
∇2hjj − ∂i∂jhij
)
,−∂jΠij). (40)
with these variables we calculate the new symplectic matrix
f
(1)
ij =


0 − 12
(
δliδ
m
j + δ
m
i δ
l
j
)
1
2
(
∇
2ηlm − ∂l∂m
)
0
1
2
(
δilδ
j
m + δ
j
l
δil
)
0 0 12
(
∂mδ
i
l + ∂lδ
i
m
)
−
1
2
(
∇
2ηij − ∂i∂j
)
0 0 0
0 − 12
(
∂iδ
m
j + ∂jδ
m
i
)
0 0


δ3(x − y). (41)
We can observe that the symplectic matrix (41) is singular, however, we have showed that there are
no more constraints. Thus, this result indicate that linearized gravity is a gauge theory, as expected.
In order to obtain a symplectic tensor, we need to fixing the gauge. We will use first the temporal
gauge, then we will work with the coulomb-like gauge, and in both scenarios a symplectic tensor will
be obtained. In this manner, by using the temporal gauge, we consider that h00 = 0 and h0i = 0,
this implies that α˙ = 0, β˙i = 0, and we will add the Lagrange multipliers Σ, Γi, enforcing this gauge
choice. Thus, we obtain the following symplectic Lagrangian
L(2) = h˙ijΠij +
[
Σ− 1
2
(
∇2hjj − ∂i∂jhij
)]
α˙+
[
Γi − ∂jΠij
]
β˙i −ΠijΠij + 1
2
ηijηklΠ
ijΠkl−
1
4
∂ihjk∂
ihjk +
1
4
∂ihjj∂ih
k
k −
1
2
∂ih
ij∂jh
k
k +
1
2
∂ihjk∂
jhik, (42)
where we identify the following symplectic variables and the following 1-forms respectively
ξ(2) =
(
hij ,Π
ij , α, βi,Σ,Γ
)
, (43)
a(2) = (Πij , 0,
[
Σ− 1
2
(
∇2hjj − ∂i∂jhij
)]
,Γi − ∂jΠij , 0, 0), (44)
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with these variables we calculate the corresponding symplectic matrix, given by
f
(2)
ij =


0 − 12
(
δliδ
m
j + δ
m
i δ
l
j
)
1
2
(
∇
2ηlm − ∂l∂m
)
0 0 0
1
2
(
δilδ
j
m + δ
j
l
δil
)
0 0 12
(
∂mδ
i
l + ∂lδ
i
m
)
0 0
−
1
2
(
∇
2ηij − ∂i∂j
)
0 0 0 −1 0
0 − 12
(
∂iδ
m
j + ∂jδ
m
i
)
0 0 0 −δij
0 0 1 0 0 0
0 0 0 δij 0 0


δ3(x− y).(45)
we observe that f
(2)
ij is not singular, and therefore it is invertible. The inverse is given by
f
(2)
ij
−1
=


0 12
(
δliδ
m
j + δ
m
i δ
l
j
)
0 0 0 12 (δ
k
j ∂i + δ
k
i ∂j)
−
1
2
(
δil δ
j
m + δ
j
l
δil
)
0 0 0 12
(
ηij∇2 − ∂i∂j
)
0
0 0 0 0 1 0
0 0 0 0 0 δij
0 − 12
(
ηij∇2 − ∂i∂j
)
−1 0 0 0
−
1
2 (δ
k
j ∂i + δ
k
i ∂j) 0 0 −δ
i
j 0 0


δ3(x− y), (46)
thus, it is possible to identify the following generalized FJ brackets
{ξ(2)i (x), ξ(2)j (y)}FJ ≡
(
f
(2)
ij
)−1
, (47)
where the relevant brackets are given by
{hij(x),Πkl(y)} = 1
2
(
δki δ
l
j + δ
l
iδ
k
j
)
δ3(x− y). (48)
Now, it is well-known that in Dirac’s terminology, to work with the temporal gauge implies to convert
the primary first class constraints into second class ones. However, there are a remanent of first class
constraints. In this manner, if we wish to convert all first class constraints into second class ones,
we need to fix a different gauge; namely the Coulomb gauge. In fact, in [10] it was performed the
Dirac analysis by using the Coulomb-like gauge, hence, we will reproduce all these results by means
a different approach. First, we will add to the Lagrangian (42) the following Coulomb-like gauge
∂jhij = 0, the momentum gauge Π
i
i = 0, and the consequent Lagrange multipliers enforcing these
gauge conditions, namely, Λi, Υ
L(3) = h˙ijΠij +
[
Σ− 1
2
(
∇2hjj − ∂i∂jhij
)]
α˙+
[
Γi − ∂jΠij
]
β˙i −ΠijΠij + 1
2
ηijηklΠ
ijΠkl
−ΠiiΥ− ∂jhijΛi − 1
4
∂ihjk∂
ihjk +
1
4
∂ihjj∂ih
k
k −
1
2
∂ih
ij∂jh
k
k +
1
2
∂ihjk∂
jhik, (49)
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from this symplectic Lagrangian, we identify the following symplectic variables and the following
1-forms respectively
ξ(3) =
(
hij ,Π
ij , α, βi,Λ
i,Υ,Σ,Γi
)
, (50)
a(3) = (Πij , 0,
[
Σ− 1
2
(
∇2hjj − ∂i∂jhij
)]
,Γi − ∂jΠij ,−∂jhij ,−Πii, 0, 0), (51)
thus, the symplectic matrix has the form
f
(3)
ij =


0 − 12
(
δliδ
m
j + δ
m
i δ
l
j
)
−
1
2
(
∇
2ηlm − ∂l∂m
)
0 − 12 (δ
j
i ∂
l + δli∂
j) 0 0 0
1
2
(
δilδ
j
m + δ
j
l
δil
)
0 0 − 12
(
∂mδ
i
l + ∂lδ
i
m
)
0 −ηij 0 0
1
2
(
∇
2ηij − ∂i∂j
)
0 0 0 0 0 −1 0
0 12
(
∂iδ
m
j + ∂jδ
m
i
)
0 0 0 0 0 −δij
1
2 (δ
j
i ∂
l + δli∂
j) 0 0 0 0 0 0 0
0 ηij 0 0 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 δij 0 0 0 0


δ3(x− y),
(52)
we realize that the above matrix is not singular, and its inverse is given by
f
(3)
ij
−1
=


0 A (ηij −
∂i∂j
∇2
) 1
∇2
0 −B 0 0 0
−A 0 0 −C 0 12 (η
ij
−
∂i∂j
∇2
) 0 0
−(ηij −
∂i∂j
∇2
) 1
∇2
0 0
∂i
∇4
0 − 1
∇2
1 0
0 C −
∂i
∇4
0 (δij −
∂i∂j
∇2
) 1
∇2
0 0
∂i∂
j
2∇2
B 0 0 −(δij −
∂i∂j
∇2
) 1
∇2
0 0 0 0
0 − 12 (η
ij
−
∂i∂j
∇2
) 1
∇2
0 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 −
∂i∂
j
2∇2
0 0 0 0


δ3(x− y),
(53)
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where we have defined
A =
1
2
(
δliδ
k
j + δ
k
i δ
l
j
)− [δli∂j∂k + δki ∂j∂l + δkj ∂i∂l + δlj∂i∂k] 12∇2 −
1
2
ηklηij +
1
2
(ηij∂
k∂l + ηkl∂i∂j)
1
∇2
+
∂i∂j∂
k∂l
2∇4 ,
B =
∂k∂i∂j
∇4 −
[
(δki ∂j + δ
k
j ∂i
] 1
∇2 ,
C =
[
ηkl∂i +
∂i∂
k∂l
∇2
]
1
2∇2 −
[
δli∂
k + δki ∂
l
] 1
2∇2 . (54)
In this manner, we can identify the nontrivial FJ brackets by means of
{ξ(3)i (x), ξ(3)j (y)}FJ ≡
(
f
(3)
ij
)−1
, (55)
thus, we find
{hij(x),Πkl(y)} =
[1
2
(
δliδ
k
j + δ
k
i δ
l
j
)− 1
2
[
δli∂j∂
k + δki ∂j∂
l + δkj ∂i∂
l + δlj∂i∂
k
] 1
∇2 −
1
2
ηklηij
+
1
2
(ηij∂
k∂l + (ηkl∂i∂j)
1
∇2 +
∂i∂j∂
k∂l
2∇4
]
δ3(x− y),
(56)
these brackets reproduce exactly those obtained in [10] by using the Dirac method, and we have
reproduced the same brackets by means of a different way.
On the other hand, we can observe the differences between the nonstandard theory and the stan-
dard one; the standard linearized theory is a gauge theory, while the nonstandard theory is not.
Furthermore, for both theories the generalized brackets between the fields are different, in addition,
we would like to comment that our results are absent in the literature and they are an extension of
those reported in [10].
V. CONCLUSSIONS
In this paper, the canonical and symplectic analysis for an alternative action describing gravity
were performed. With respect to Dirac’s formalism, we found the constraints of the theory, which
turned out to be of second class, then the Dirac brackets were constructed. In addition, we found
that the Hamiltonian is of first class and therefore it correspond to an observable; these facts were
not reported in [12, 13]. Furthermore, the results were reproduced using the FJ formalism: We
constructed a symplectic tensor, then the generalized FJ brackets were found, we showed that
Dirac’s and FJ brackets coincide to each other. In this manner, we have confirmed by an alternative
way that the action is not a gauge theory and its physical degrees of freedom are eight. In order to
complete our analysis, we added the symplectic analysis of standard linearized gravity.
We finish this paper with some points to remark. If we define a system in terms of its equations
of motion, then an infinity number of Hamiltonian structures can be defined for the same system
[18]. This fact present a problem for singular systems because one could propose several actions
yielding the same equations of motion, but the symmetries between these different actions could be
16
different just as it was showed in the present analysis. Thus, in order to study any new proposal
for a physical system, it is mandatory to put attention in the symmetries beyond its equations of
motion [19].
Acknowledgements
This work was supported by CONACyT under Grant No.CB-2014-01/240781. We would like to
thank R. Cartas-Fuentevilla for discussion on the subject and reading of the manuscript.
[1] A. Hanson, T. Regge and C. Teitelboim, Constrained Hamiltonian Systems (Accademia Nazionale dei
Lincei, Roma, 1978); D. M. Gitman and I. V. Tyutin, Quantization of Fields with Constraints, Springer
Series in Nuclear and Particle Physics (Springer, 1990).
[2] S. Weinberg, The Quantum Theory of Fields, Volumes I and II, Cambridge University Press, Cambridge,
England (1996).
[3] Ashtekar, A.: Lectures on Non-Perturbative Canonical Gravity. World Scientific, Singapore (1991). P.
Peldan, Class. Quantum Grav. 11, 1087-1132, (1994).
[4] P. Peldan, Class. Quantum Grav. 11, 1087-1132, (1994).
[5] C. Rovelli: Quantum Gravity. Cambridge University Press, Cambridge (2004)
[6] T. Thiemann: Modern Canonical Quantum General Relativity. Cambridge University Press, Cambridge
(2007).
[7] C. Rovelli: Living. Rev.Rel.1:1, (1998).
[8] T. Thiemann, Lect.NotesPhys.721:185-263, (2007).
[9] B.P. Abbott et al. (LIGO Scientific Collaboration and Virgo Collaboration), Phys. Rev. Lett. 116,
061102, (2016).
[10] J. Barcelos-Neto, T.G. Dargam, Z.Phys. C67, 701-706, (1995).
[11] K. Hinterbichler, Theoretical aspects of massive gravity. Rev. Mod. Phys. 84, 671 (2012)
[12] R. Rosas-Rodriguez, J.Phys.Conf.Ser. 24, 231-235, (2005).
[13] R. Rosas-Rodriguez, J.Phys.Conf.Ser. 91, 012013, (2007).
[14] P.A.M. Dirac, Lectures Notes on Quantum Mechanics (Yeshiva University, New York, 1964)
[15] L.D. Faddeev, R. Jackiw, Phys. Rev. Lett. 60, 1692 (1988).
[16] G. F Torres del Castillo, Rev. Mex. Fis. 37 No. 3 443–151, (1991).
[17] E. M. C. Abreu, A.C.R. Mendes, C. Neves, W. Oliveira, F.I. Takakura, L.M.V. Xavier, Modern Phys.
Lett. A 23 (2008) 829; E.M.C. Abreu, A.C.R. Mendes, C. Neves, W. Oliveira, F.I. Takakura, Inter. J.
Modern Phys. A 22, 3605, (2007); E.M.C. Abreu, C. Neves, W. Oliveira, Internat. J. Modern Phys. A
21 (2008) 5329; C. Neves, W. Oliveira, D.C. Rodrigues, C. Wotzasek, Phys. Rev. D 69, 045016, (2004);
J. Phys. A 3, 9303, (2004); C. Neves, C. Wotzasek, Internat. J. Modern Phys. A 17 (2002) 4025; C.
Neves, W. Oliveira, Phys. Lett. A 321 (2004) 267; J.A. Garcia, J.M. Pons, Internat. J. Modern Phys. A
12 (1997) 451; E.M.C. Abreu, A.C.R. Mendes, C. Neves, W. Oliveira, R.C.N. Silva, C. Wotzasek, Phys.
Lett. A 374 (2010) 3603-3607; L. Liao, Y.C. Huang, Ann. Phys. 322, 2469-2484, (2007); A. Escalante,
J. Manuel-Cabrera, Ann. Physics. 343, 27-39, (2014) ; A. Escalante, M. Za´rate, Annals. Phys. 353,
17
163-178, (2015) ; A. Escalante, J. Manuel-Cabrera, Annals. Phys. 36, 1585-604, (2015); A. Escalante,
O. Rodrıguez-Tzompantzi, Annals. Phys. 364, 136 (2016).
[18] G.F. Torres del Castillo, D. Acosta Avalos, Rev. Mex. Fis., 40, 405, (1994).
[19] A. Escalante, Phys. Lett. B, 676, 105-111, (2009).
